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Part II of this study presents a modeling framework that is shown to successfully simulate all aspects of
the inhomogeneous bending of tubes associated with Lüders banding reported in Part I. The structure is
discretized with solid ﬁnite elements using a mesh that is ﬁne enough for Lüders bands to develop and
evolve. The material is modeled as a ﬁnitely deforming, J2 type, elastic–plastic solid with an ‘‘up–down–
up’’ response over the extent of the Lüders strain, followed by hardening. Regularization of the solution
was accomplished by introducing a mild rate dependence of the material. Simulation of the rotation con-
trolled bending experiments conﬁrmed most of the experimental observations and revealed additional
details of the localization. Thus, the initial uniform-curvature elastic regime terminates with the nucle-
ation of localized banded deformation on the tensioned and compressed sides of the tube. The bands
appear in pockets that propagate into the hitherto intact part of the structure while the moment remains
essentially unchanged. The tube develops two curvature regimes; a relatively high curvature in the
Lüders deformed section and a low curvature in the unaffected one. Simultaneously, the plasticized zone
develops higher ovalization and wrinkles with a wavelength that corresponds to the periodicity of the
banded pockets. For tubes with lower D/t and/or shorter Lüders strain the higher curvature eventually
spreads to the whole structure at which point homogenous bending resumes. For tubes with higher D/
t and/or longer Lüders strain the localized curvature, ovalization, and wrinkle amplitude are larger and
cannot be sustained; the tube collapses prematurely leaving behind part of its length essentially unde-
formed. For every tube D/t there exists a threshold of Lüders strain separating the two types of behavior.
This bounding value of Lüders strain was studied parametrically.
 2011 Elsevier Ltd. All rights reserved.1. Introduction
In Part I we reported a wealth of phenomena associated with
the interaction of Lüders bands with structural nonlinearities of
tubes under bending that lead to inhomogeneous deformation
and often to collapse. Bending of tubes whose material exhibits
Lüders banding results in the nucleation of narrow angled bands
of localized deformation on the tension and compression sides of
the tubes. Under rotation-controlled quasi-static bending the num-
ber of bands multiplies and they start to spread to the hitherto ‘‘in-
tact’’ part of the tube while the moment remains essentially
unchanged. The Lüders affected zone has a signiﬁcantly larger
bending strain, which translates into localization of curvature.
Thus, like other propagating instabilities (Kyriakides, 1993, 2001),
two curvature zones coexist at the same moment level: a large cur-
vature zone associated with the end of the moment plateau and a
smaller one that corresponds to the beginning of the plateau. Fur-
ther rotation of the ends causes the larger curvature zone to prop-
agate and gradually deform the remainder of the structure. In thell rights reserved.
s).case of tubes with lower values of D/t and/or shorter Lüders strain
the whole tube is Lüders deformed, the material enters the harden-
ing regime and continues to deform uniformly until excessive oval-
ization leads to a limit load instability. For higher D/t tubes and/or
longer Lüders strain, the propagation of the larger curvature is
interrupted by collapse leaving behind part of the structure essen-
tially undeformed.
In Part II we ﬁrst simulate these phenomena using FE models
along with custom constitutive models that aim to reproduce the
macroscopic effects of Lüders banding. Once the veracity and
robustness of the models is proven, they are used to conduct a
parametric study of the problem.2. Analysis
In the experiments the ends of the test specimens were radially
restrained by the solid rod inserts. This constraint was sufﬁcient to
cause the initiation of Lüders banding and the associated localized
curvature close to the ends of the tubes in all cases. Rather than
simulate the experiments exactly, we will adopt a somewhat ide-
alized model geometry that can also be used to study the problem
parametrically. Thus, we consider a section of tube of radius R, wall
Fig. 1. Geometry and mesh of ﬁnite element model.
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try about the mid-span (plane y–z) and about the plane of bending
x–z; therefore, consideration of only one-quarter of the tube suf-
ﬁces (Fig. 1). As is customary in plastic bending (Ju and Kyriakides,
1992I), the model is assigned a small initial localized axisymmetric
geometric imperfection w with a wavelength of 2k and amplitude
a as follows:
w ¼ Ra cospx
k
exp b x
L
 2 
: ð1Þ
Motivated by the experimental observations, and in the absence of a
better alternative, k is assigned the value of the elastic buckling
mode given in Eq. (1)I. In order to encourage any tendency for local-
ization to initiate at mid-span, the imperfection has a bias that dies
exponentially away from x = 0 with b controlling the rate of decay.
The tube is bent by prescribing the angle of rotation at x = L (hL).
This end is constrained to remain plane, while the cross section is
free to ovalize by imposing the following multi-point constraint:
tan hL ¼ xref  xizref  zi ; ð2Þ
where (xi,zi) are the coordinates of the ith node in this plane and
(xref,zref) are those of a reference node (e.g., the bottom node). The
moment is calculated at the plane of symmetry (x = 0) from:
M ¼ 2
XN
i¼1
ziFi; ð3Þ
where Fi is the axial force acting on the ith node of the cross section
and zi is its distance from the axis of the tube.
Lüders deformation results in inhomogeneous deformation
with jumps in strain of the order of the Lüders strain. As in Aguirre
et al. (2004)I and Kyriakides et al. (2008)I we adopt ABAQUS’s
incompatible elements C3D8I. These are linear elements enhanced
to allow for the deformation gradient inside the element to vary
while displacement continuity is maintained (see Wilson et al.,
1973; Ortiz et al., 1987; Nacar et al., 1989; Simo and Armero,
1992). In order to avoid any directional bias a uniform isotropic
mesh is used. The mesh adopted in most of the calculations re-
ported has two elements through the thickness of the tube. Thus
for example for D/t = 24.3 there are 76 around the half circumfer-
ence and 362 along the length (L = 7.5D) for a total of 55024 ele-
ments. This density was arrived at from a convergence studyI Refers to references, tables and equations in Part I.where the major characteristics of the predictions were evaluated
by comparison to the experimental results (see Section 3). The
main parameters of concern were the correct reproduction of the
level of the moment plateau and its extent as well as consistency
in the calculated banded Lüders deformation patterns. Other iso-
tropic meshes considered had 1, 3 and 4 elements through the
thickness with a total of 27512, 185706 and 440192 elements
respectively (because the mesh uses the wall thickness as its
length-scale the number of elements varies with the D/t). In the re-
sults that follow unless otherwise stated b = 100 while a varies
slightly from case to case.
2.1. Constitutive model
Lüders banding is a dislocation governed material instability,
which macroscopically manifests as discontinuous deformation
(see Cottrell and Bilby, 1949I; Johnston and Gilman, 1959I; Hall,
1970I). Two main theories of the microscopic events associated
with the instability have survived the test of time. Cottrell and Bil-
by (1949)I attributed the upper yield stress to the pinning of dislo-
cations by carbon and nitrogen atoms, which naturally tend to
form ‘‘atmospheres’’ around them. They postulated that initial
yielding requires a higher stress in order to pull the dislocations
out of their atmospheres. Once released, the dislocations can be
moved by a lower stress. The pinning effect of interstitial impuri-
ties is widely accepted for several reasons including the reappear-
ance of Lüders strain following mild heat-treatment, which allows
these atoms to migrate and repin the dislocations (strain aging).
Johnston and Gilman (1959)I attributed the load drop to multipli-
cation of dislocations; as their number increases, the stress re-
quired to move them decreases. Indeed, simple considerations of
dislocation motion put forward initially by Johnston and Gilman
and expanded upon by Hahn (1962) demonstrated that up–
down–up stress–strain responses like ones measured in LiF crys-
tals could be derived from such a premise (see also Johnston,
1962).
Hahn’s 1-D model of dislocation multiplication associated with
the load drop following ﬁrst yielding was generalized to the multi-
axial setting by Shioya and Shiroiri (1976). They went on to use the
model to predict inhomogeneous deformation is steel rods under
torsion. More recently, Yoshida et al. (2008) used a similar disloca-
tion based formulation to introduce an initial sharp load drop in
the response. This descending response meets a conventional hard-
ening one at a prescribed strain thus producing the required up–
down–up trajectory associated with propagating instabilities (see
Kyriakides, 2001).
In our work to date we have followed a simpler, phenomenolog-
ical, but equivalent approach to this constitutive challenge. We
simply introduce an unstable material response over the extent
of the Lüders stress plateau. The construction has a stress peak that
is associated with the upper yield stress and a negative slope over
the length of the stress plateau. At the end of the measured stress
plateau the response reverts to stable hardening behavior. Indeed,
it has been demonstrated that an elastic–plastic constitutive model
calibrated to such a response can reproduce quite faithfully several
of the macroscopic effects of Lüders banding (Kyriakides and Mill-
er, 2000I; Corona et al., 2002; Aguirre et al., 2004I; Kyriakides et al.,
2008I; Zhang et al., 2008; see also Shaw and Kyriakides, 1998 who
applied a similar model to propagation of phase transformation
bands in a shape memory alloy during loading).
Here we implement a similar constitutive framework in ﬁnite
element models of the tubes tested and examine the extent to
which the phenomena observed in the experiments in Part I can
be reproduced. Thus, a measured engineering stress–strain re-
sponse such as the one drawn in red color in Fig. 2 is modiﬁed as
follows. The initial linear elastic branch with the measured
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Fig. 2. Measured material response and stress–strain response adopted for LU9-1.
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yield stress that is Dr/2 higher than the plateau (rL) of the mea-
sured response. It is followed by a linear softening branch, which
is drawn with a blue dashed line in the ﬁgure. Its termination point
at the end of the Lüders stress plateau is at a level that makes the
areas of the two shaded triangles equal (i.e., rL Maxwell stress,
Ericksen, 1975; Abeyaratne and Knowles, 2006). Beyond this point,
the ﬁt follows the hardening part of the measured stress–strain re-
sponse (in piecewise linear manner).
In summary, the material is modeled as a ﬁnitely deforming
elastic–plastic solid that hardens/softens isotropically. The model
is calibrated to the true stress-logarithmic strain version of mea-
sured stress–strain responses each modiﬁed as shown in Fig. 2
(discussion of the level of Dr and the slope of the negative trajec-
tory will follow).
It is well known that the introduction of softening in a constitu-
tive model can lead to loss of uniqueness of the solution and man-
ifests in mesh dependence of FE solutions. The assumed stress–
strain response for the present problem (Fig. 2) exhibits a relatively
mild softening that lasts only for part of the deformation history.
Furthermore, past experience with the ensuing propagating insta-
bility has taught that the mesh sensitivity affects mainly the width
of the propagating front(s) that separate the two strain regimes; in
other words, the main structural effects can usually be reproduced
well despite this mesh sensitivity. At the same time however, the
solution can become rather temperamental where, for example,
localization does not always start at the location of the largest
imperfection. To alleviate such numerical complications, we have
opted to regularize the problem by introducing a ‘‘mild’’ rate
dependence to the material (see Needleman, 1988; Nacar et al.,
1989 among others). We introduce this rate dependence for
numerical expediency even though we realize that the steels used
in our experiments exhibit speciﬁc rate dependence. Furthermore,
strain rate has been shown to affect the plateau stress especially
when the rate is properly measured locally in the propagating
Lüders front (e.g., Hall, 1970I; Imamura et al., 1971I). A more care-
ful representation of rate dependence is left for a future investiga-
tion that is focused on a simpler setting that is free of the many
complications of the structural problem of concern here.
Rate dependence is introduced via the commonly used power-
law as follows:
_ep
_eo
 m
¼ r
RðepÞ : ð4Þ
Here ð _Þ represents a time derivative, _eo is a reference strain rate,
R(ep) is the measured stress-plastic strain relationship when
_ep ¼ _eo, and m is the rate exponent. For the present materials
R(ep) is the plastic strain version of responses like the one inFig. 2 measured at a rate of _eo ¼ 104 s1. The rate exponent used
is m = 0.001, which is enough to regularize the numerical solution
while simultaneously having only a small effect on the predicted
events.3. Numerical results
The modeling framework summarized above is now used to
simulate several representative experiments from Part I. Each sim-
ulation uses the actual geometric and material parameters of the
tube tested (Table 1I). The results will be used to illustrate the ex-
tent to which the phenomenological model adopted reproduces
both the structural events associated with inhomogeneous defor-
mation and at a ﬁner scale the Lüders banding.
3.1. Simulation of typical experiments
We start with Exp. LU9-1 with a D/t = 24.31 and a Lüders strain
of DeL = 1.89% (see Table 1). Fig. 3(a) shows the calculated mo-
ment-end rotation response with the moment, M, normalized by
the fully plastic moment Mo and the end rotation, hL, by Lj1.
Fig. 3(b) shows a set of 11 deformed conﬁgurations of the quar-
ter-tube domain analyzed, corresponding to the numbered bullets
on the response. The material response adopted in this simulation
is the one drawn with a blue dashed line in Fig. 2. The M  hL re-
sponse is seen to generally reproduce the main features of the cor-
responding measured response drawn in Fig. 3(a) in dashed line;
i.e., the initial moment maximum, the level and extent of the mo-
ment plateau that follows, the subsequent stable branch, the sec-
ond moment maximum and the curvature at which it occurs, are
all faithfully reproduced. We showed earlier in Aguirre et al.
(2004)I and Kyriakides et al. (2008)I, that the assumed unstable
material response produces a moment plateau at the correct level.
At the same time, the conﬁgurations in Fig. 3(b) bring to fore the
banded nature of localized deformation that develops. The bands
ﬁrst nucleate near the mid-span and gradually spread to the rest
of the domain analyzed (color keys correspond to equivalent plas-
tic strain values). Before discussing the global evolution of these
events it is worth paying special attention to the ﬁrst initiation
phase of the bands.
3.1.1. Initiation of localization bands
Fig. 4 shows an expanded view of the initial part of the mo-
ment-end rotation response. Marked on it with solid bullets are
8 points that will help us follow the events that take place during
the initiation of Lüders banding. Fig. 5 shows plots of the most
compressed generator of the tube (w  outward displacement nor-
mal to shell surface) for points r to u. Included is the equivalent
plastic strain along this generator epe Cð Þ and the corresponding val-
ues along the most stretched generator (T) (s is a natural coordi-
nate along the axis of the tube). The response starts to become
nonlinear at M  0.92Mo and gradually looses stiffness. This is pre-
sumably caused by plastic action in the neighborhood of the
imperfection. This is conﬁrmed by the recorded growth in epe at
both generators in the plot corresponding to pointr in Fig. 5, just
before the moment maximum. However, the plastic deformation is
not sufﬁcient yet to support the formation of localized deformation
bands. At point s, at a slightly higher curvature (0.122Lj1), the
imperfect part of the generator appears more deformed and simul-
taneously a spike in epe develops on the tensioned side at the second
imperfection peak. This point also happens to correspond to the
maximummoment achieved of 1.08Mo. Beyond this point, the mo-
ment drops down to a plateau and simultaneously bands of local-
ized deformation nucleate at this location. At point t the
generator is seen to be more deformed, the moment is down to
Table 1
Major geometric and material parameters used in the models.
Exp. No. D in (mm) t in (mm) D/t E Msi (GPa) rL ksi (MPa) Dr/rL E0/E DeL% a (%)
LU11-1 1.255 (31.88) 0.0378 (0.961) 33.19 30.5 (210) 51.98 (358.5) 0.275 0.022 2.16 0.04
LU12-1 1.378 (35.01) 0.0516 (1.310) 26.72 29.8 (205) 38.47 (265.3) 0.275 0.016 2.21 0.13
LU3-3 1.253 (31.83) 0.0517 (1.312) 24.26 28.5 (196) 37.28 (257.1) 0.275 0.013 2.55 0.08
LU9-1 1.254 (31.84) 0.0516 (1.311) 24.31 29.9 (206) 36.91 (254.5) 0.306 0.020 1.89 0.15
LU5-3 1.252 (31.81) 0.0674 (1.711) 18.59 29.4 (203) 42.91 (295.9) 0.275 0.015 2.71 0.22
LU4-3 1.252 (31.80) 0.0666 (1.692) 18.80 29.7 (205) 31.85 (219.6) 0.275 0.017 1.78 0.20
LU7-3 1.252 (31.80) 0.0853 (2.166) 14.68 30.6 (211) 44.15 (304.5) 0.275 0.017 2.43 0.10
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Fig. 3. Calculated results for LU9-1: (a) comparison of measured and calculated moment-end-rotation response and (b) calculated deformed conﬁgurations corresponding to
response in Fig. 3(a). Color keys represent the equivalent plastic strain.
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nearly 3%. Fig. 6 shows six sets of images with axial plastic strain
contours for points t to y on the response in Fig. 5. The images
correspond to a length of the tube just under 1.5D long on either
side of the mid-span (the full tube has been assembled for clarity).The image on the left shows a side view (i.e., in the plane of bend-
ing); the middle one is a top view (i.e., the tensioned side) and the
one on the right a bottom view (i.e., the compressed side). The col-
or contours show clearly the localized deformation bands that
nucleate, grow and multiply as the end rotation (hL) is gradually
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bands on either side of the mid-span on the tensioned side of the
tube. The center of the x is located at the second imperfection peak.
The bands are orientated at ±55 to the axis of the tube and have an
angular span of about ±60. The strain levels in the bands are of the
order of 2.5% at the center but decrease as they go around the cir-
cumference, eventually dying out. Simultaneously, weaker bands
with the same orientation have also appeared on the compressed
side of the tube. These emanate mainly from the ﬁrst imperfection
peak.
By point u, the compressed generator has deformed further
and plastic deformation around the ﬁrst imperfection peak and
valley has increased on the compressed side (Fig. 5). The corre-sponding cluster of bands around mid-span has strengthened and
the bands are now clearly discernible in the corresponding image
in Fig. 6 for both the tensioned and compressed sides.
Fig. 7 shows an expanded view of one of the x-shaped pair of T-
bands corresponding to pointu. Their features are similar to those
reported in Aguirre et al. (2004)I. That is, the band orientations are
very similar to those yielded by Hill’s characteristics obtained from
simple considerations of admissible strain discontinuities in a
biaxially loaded sheet (Bijlaard, 1940; Hill, 1952). The bending in-
duced ovalization introduces a bending type circumferential stress,
which varies around the circumference (cos2/). However, its
amplitude is small compared to the axial stress. Thus, at the top
and bottom the biaxiality ratio is small which results in the nearly
perfect agreement with the ±55.7 inclination of strain discontinu-
ities in a uniaxially loaded sheet. For 0 6 j/j 6 45 the circumferen-
tial stress decreases and so the bands stay straight. The bands
affect zones that are about 3 elements wide with the center being
more deformed. Furthermore, as might be expected, the deforma-
tion penetrates the whole wall thickness while the material on
either side of a band remains essentially elastic.
It is interesting to examine if the width of the band is inﬂuenced
by the mesh used. To this end the same calculation was performed
with four nearly isotropic meshes deﬁned by the number of ele-
ments through the thickness. Fig. 8 shows plots of the plastic
equivalent strain along an axial line 33.2 from the plane of bend-
ing (line drawn in Fig. 7) for the four meshes. The bands look very
similar for the three ﬁner meshes with a maximum width of about
3t and a maximum plastic strain of about 2.5%. The results for the
mesh with one element through the thickness are slightly different
but this appears to be more due to the scarcity of integration points
than anything else.
With further rotation of the ends, the strengthening of the
bands of the compressed side continues while their number in-
creases. So in image v (Fig. 6), at hL = 0.138Lj1, two pairs of C
bands have fully developed reaching a strain in the range of 2–
3%. As hL is increased further the number of both the T and C bands
multiples which can be clearly seen in the images w to y.
3.1.2. Propagation of localization
We now return to Fig. 3(a) and (b) in order to examine the effect
of the banded localizations on the overall response of the structure.
Conﬁguration r, corresponding to hL = 0.0845Lj1 close to the ﬁrst
visible nonlinearity on the initial stable response, is free of Lüders
bands and has a uniform curvature. The latter point is better illus-
trated in Fig. 9, which shows the slope of the mid-surface of the
tube, h(s), plotted against the natural coordinate s along the axis
of the tube. The plane s = 0 is a plane of symmetry and thus
h(0) = 0. The free end of the tube, at s = L, undergoes the maximum
rotation h(L) = hL. Thus, when the tube deforms uniformly h(s)
grows linearly between 0 and hL. This indeed is the case for conﬁg-
uration r.
By conﬁguration s at hL = 0.405Lj1 the Lüders bands have
propagated from the symmetry plane leftwards and cover a length
about 2D of the tube. A higher curvature zone has developed in this
domain while the rest of the tube remains at the original curvature.
The localization of curvature is visible in conﬁgurations and bet-
ter quantiﬁed in the corresponding slope trajectory (hL = 0.40Lj1)
in Fig. 9. Here two linear trajectories with different slopes are
joined by a transition region extending over a length of approxi-
mately 0.5D. The section with the larger slope has developed a cur-
vature of 1.36j1, while the section unaffected by Lüders bands
remains at the curvature that corresponds to the ﬁrst moment
maximum.
As is well known, bending induces ovalization to the tube cross
section (Brazier, 1927I; Kyriakides and Corona, 2007I). Hence, an-
other view of the structural behavior can be developed by
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Fig. 6. Three views of contours of axial plastic strain for points t to y marked on the response in Fig. 4.
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tube [D = (Dmax  Dmin)/(Dmax + Dmin)]. Accordingly, Fig. 10 shows
axial proﬁles of D at different values of hL (included are proﬁles
for several of the conﬁgurations in Fig. 3(b) identiﬁed by circled
numbers). In conﬁguration r at j = 0.0845j1, the tube is linearly
elastic and the ovalization is small and uniform along the length.
In the next two proﬁles at 0.15Lj1 and 0.30Lj1 respectively, the
ovalization is seen to grow locally around the mid-span because
of the increasing localized deformation at this site. By conﬁgura-
tion s, localization of D now affects a length of about 2D while
reaching a value of about 2% at mid-span.
As the end rotation increases, the inclined Lüders bands are
seen in Fig. 3(b) to propagate away from mid-span into the hith-
erto intact part of the tube in a nearly steady-state manner (see
conﬁgurations t to w). Simultaneously, a gradual growth of the
higher curvature domain takes place at the expense of the lower
curvature (see Fig. 9). Indeed, the same can be observed in the cor-
responding ovalization proﬁles in Fig. 10, where a transition front
that joins the high and low ovalization regimes about one tube
diameter long is seen to propagate away from s = 0. We take note
of the wavy nature of these proﬁles and observe that although
the waves close to mid-span may be related to the initial geometric
imperfection we introduced to the structure (Eq. (1)), beyond
s  1.6D the tube is initially essentially perfect due to the exponen-
tial multiplier of the sinusoidal axisymmetric imperfection.
To help us further navigate through the events associated
with the steady-state propagation of Lüders banding a sequence
of deformed conﬁgurations with ampliﬁed normal displacement
(w  8) has been generated between 0.88 6 hL/Lj1 6 0.93(Fig. 11). The sequence shows the initiation and development
of a pair of new pockets of bands, one on the tension and one
on the compression side. The ampliﬁcation of w reveals that
both the compression (C) and tension (T) sides of the Lüders de-
formed section of the tube are wrinkled. Furthermore, the wrin-
kles develop simultaneous to the nucleation of each pocket of
bands. Interestingly, for C the center of each pocket of bands
coincides with a wrinkle peak and for T with a valley. It appears
that as Lüders banding plastically deforms the tube, uniform
bending yields to a wrinkled state. This happens even though
the local moment is essentially constant. In other words, wrinkles
form when a certain plastic deformation develops rather than
because the critical load is reached as is the case in traditional
plastic buckling situations.
A more quantitative view of the C and T wrinkles and their rela-
tionship is shown in Fig. 12. Here the normal displacements of the
two most deformed generators corresponding to the last image in
Fig. 11 are plotted against the longitudinal position (undeformed).
Following an initial transient at mid-span that is inﬂuenced by the
initial imperfections in the structure, the two generators are seen
to have wrinkled at well-deﬁned wavelength and amplitudes.
The half-wavelength is k ¼ 1:44
ﬃﬃﬃﬃﬃ
Dt
p
, a value 1.2 times the elastic
one for axisymmetric buckling (Eq. (1)I). The mode is such that
the C valleys coincide with T peaks. Furthermore, the C amplitude
of 0.076t is nearly 2.5 times higher than the T amplitude, some-
thing that could be expected due to the opposite signs of the stres-
ses and deformations on the two sides. As in Fig. 11, the wrinkling
stops at the interface of the Lüders deformed and undeformed
zones. We thus conclude that despite their relatively small
Fig. 7. Expanded view of a pair of bands on the tensioned side of the tube
corresponding to point u on the response in Fig. 4.
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the D  s proﬁles in Fig. 10.
Before leaving this subject it is worth pointing out that the
wavelength of these wrinkles was found to be inﬂuenced to some
degree by the mesh used. Although the other performance criteria
were met, switching from two to three elements through the thick-
ness (55024 vs. 185706 elements) was found to increase the wave-
length by about 5% and remained the same when an even ﬁner
mesh of four elements was used.
Returning to Fig. 3, the nucleation of new pockets of Lüders
bands and wrinkles continues until the whole length of the tube
has been deformed to the curvature of 1.36Lj1. This corresponds
to the end of the moment plateau in Fig. 3(a), which interestingly
terminates with a small moment dip (probably due to the interac-
tion of the bands with the free end of the tube). As can be seen in
Fig. 3(a), the end of the moment plateau compares very well with
the corresponding event in the experimental response. The com-
pletion of the propagation phase of the process is also depicted
in the h(s) and D(s) trajectories in Figs. 9 and 10.
Subsequently, the moment starts to increase monotonically
again and the tube deforms uniformly. Thus, in conﬁguration x
in Fig. 3(b) at j = 1.40j1 the tube is seen to be uniformly bent
and to have a linear h(s) trajectory in Fig. 9. The same can be saidfor conﬁgurations y and z at curvatures of 1.60j1 and 1.80j1
respectively. In the mean time, the additional ovalization that
has been induced to the tube during this second stable part of
the bending history gradually reduces its bending rigidity leading
to the attainment of a limit moment at a curvature of 1.907j1. Be-
yond this point deformation localizes at mid-span by diffuse oval-
ization, which under persistent bending turns into an increasingly
sharper local inwards kink.
We continue with results for LU3-3 with approximately the
same geometry but with a longer Lüders strain of 2.55% (see Ta-
ble 1). The stress–strain response adopted is shown in Fig. 13 along
with the measured response. The calculated moment-end rotation
response is shown in Fig. 14(a) and a sequence of deformed conﬁg-
urations in Fig. 14(b). The slope proﬁles (h  s) of the chosen con-
ﬁgurations are shown in Fig. 15 and the ovalization proﬁles (D  s)
in Fig. 16. The initial part of the response is similar to that of the
previous case. Conﬁgurationr, just before the moment maximum,
is uniformly deformed and this is reﬂected in the h(s) and D(s) pro-
ﬁles. A moment maximum of 1.09Mo develops following which
Lüders banding nucleates again at mid-span due to the local
imperfection introduced to the model. The subsequent moment
plateau again hovers aroundMo as indeed is the level of the exper-
imental response. The inclined banded nature of the Lüders defor-
mation appears similar to that in Fig. 3(a). Curvature localizes and
so does the ovalization as evidenced by the h(s) and D(s) proﬁles in
Figs. 15 and 16. The low curvature regime is at 0.15j1 while the
higher curvature does not quite stabilize, instead increasing from
1.66j1 to 2.04j1. Clearly however, the longer DeL induces a signif-
icantly larger curvature to the Lüders deformed part of the tube
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ization as clearly seen in Fig. 16 where the ovalization in the neigh-
borhood of the mid-span is seen to grow to much higher valuesthan those of the previous case in Fig. 10. Signs of spreading of
ovalization along the length can be seen in the proﬁles of points
t to x. However, unlike the previous case D at mid-span never
stops growing. Lüders banding also induces wrinkling in the same
general fashion as described for LU9-1 (see Fig. 17). The wrinkle
half-wavelength is now 1.27
ﬃﬃﬃﬃﬃ
Dt
p
that is 13% shorter than the pre-
vious case while the amplitudes of the C wrinkles are larger, pre-
sumably because of the larger curvature induced by the longer
DeL. Once again this wavelength was found to grow slightly when
a ﬁner mesh with 3 elements through the thickness was used
instead.
By conﬁguration x approximately two-thirds of the tube have
been Lüders deformed. This section is bent to the higher curvature,
is ovalized but not so uniformly, and is wrinkled. Soon thereafter
the moment takes a downward trajectory and the tube starts to
collapse. The collapse is associated with diffuse localized ovaliza-
tion affecting a zone (5–6)D long at mid-span as can bee seen in
conﬁgurations y and z in Fig. 14(b) and in the corresponding
D(s) proﬁles in Fig. 16. The collapsing zone develops an even higher
curvature that is depicted in Fig. 15. Clearly, the combination of
higher curvature and the continued growth of ovalization induced
to this section cannot be sustained and this leads to collapse. It also
appears that collapse takes place when a certain critical length of
the structure is affected by the higher curvature and ovalization.
Here collapse occurred at hL/Lj1 of approximately 1.47, which
compares with the value of 2.04 that would have been achieved
if the whole length could have been Lüders deformed. In summary,
the simulation replicates the behavior observed in the experiment
and explains the reasons behind the premature collapse.
3.1.3. Sensitivity study
As pointed out above, the success of the modeling framework
presented in reproducing the experiments is inﬂuenced by several
model parameters. The parameters used in the simulations were
chosen following an extensive sensitivity study the results of which
will be summarized here. Aguirre et al. (2004)I pointed out that the
slope of the softening part of the assumed response, or alternatively
the assumed Dr/rL (Fig. 2), must be within a certain range for the
patterns and sequence of events presented to take place. If
Dr/rL is too small, the banded patterns do not develop; if it is too
large then there is a tendency for the deformation to ‘‘jump’’ to
the hardening part of the response producing a longer and higher
moment plateau. Dr/rL = 0.275 was found to be optimum for the
whole set of experiments performed (except for LU9-1 for which
0.306 produced better agreement with the experiment).
Fig. 18 illustrate the effect of Dr/rL on the calculated responses
for LU9-1 and LU3-3. For both cases, increasing Dr leads to a high-
er initiation moment and sharper transition from elastic to plastic
deformation and a more ragged moment plateau. In addition, the
moment plateau becomes longer, higher, and the larger curvature
that develops as it is traversed increases. The lengthening of the
plateau with Dr and the increased raggedness can be seen in
Fig. 18(a) for LU9-1. The effects of Dr are more drastic for LU3-1
shown in Fig. 18(b). Here assigning a small value of Dr shortens
the plateau, the associated curvature is smaller and, as a conse-
quence, the whole length is Lüders deformed and the structure re-
turns to uniform deformation; this of course is in conﬂict with the
experiment. If Dr is larger than the optimum value then the pla-
teau is higher and collapse occurs earlier.
The imperfection amplitude inﬂuences the results to a certain
degree also. For LU9-1 shown in Fig. 19(a) increasing the imperfec-
tion causes a reduction in the curvature at collapse, which in this
case occurs during the second stable branch of the moment-rota-
tion response. In the case of LU3-1 however, increasing the imper-
fection causes collapse at a smaller rotation and decreasing it
allows the plateau to be completed so that the tube returns to uni-
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this variable was guided by the measured variation in diameter
of each specimen.0
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the larger value the ﬁrst moment peak is more pronounced, the
plateau is more ragged and its extent is longer. In addition, the lim-
it moment in the second stable branch is delayed. Even larger val-
ues of m cause the solution to increasingly deviate from the
experimental behavior.
We have already mentioned that the FE mesh used in the sim-
ulations must be ﬁne enough for the banded Lüders patterns to de-
velop properly. We have considered nearly isotropic meshes with
1, 2, 3 and 4 elements through the thickness. The effect of this
mesh reﬁnement on the width of the bands was shown in Fig. 8
to be minimal. Fig. 20(b) shows that these mesh densities do not
inﬂuence the plateau in any signiﬁcant manner but ﬁner mesh de-
lays slightly the onset of collapse.
3.2. Summary of results of simulations of additional experiments
The material parameters, the mesh and rate exponent found to
reproduce with accuracy the behavior observed in the two bending0
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end-rotation response for (a) LU9-1 and (b) LU3-3.experiments analyzed this far were adopted to numerically simu-
late all seven experiments presented in Part I (individual parame-
ters listed in Table 1). The amplitude of the imperfection, a, was
individually selected guided by measured variations in the diame-
ter of each tube (see Table 1). To avoid repetition here we will
show only the calculated moment-rotation responses. The results
for the ﬁve additional cases are compared to the corresponding
experimental ones in Appendix A (Fig. A1).
The calculated response for the highest D/t of 33.19 shown in
Fig. A1(a) is seen to agree well with the experimental one. This in-
cludes the level of the moment plateau and the point at which the
tube collapsed. The same is true for D/t = 26.72 (Fig. A1(b)) in
which the larger curvature regime spread much further before
the tube collapsed. As will be demonstrated in the parametric
study that follows, both of these tubes are relatively thin and
would have collapsed before a second stable branch is reached
even if the Lüders strain was shorter.
Fig. A1(c) and (d) show results from tubes with D/t of about
18.6. LU5-3 with DeL = 2.71 did not survive the inhomogeneous
phase of bending while LU4-3 with a shorter Lüders strain of
1.78 did. The simulations reproduce these behaviors in all aspects.
The thickest tube tested with D/t = 14.68 and DeL = 2.43
(Fig. A1(e)) survived the inhomogeneous phase of bending and
was bent uniformly to a large curvature of about 2j1. Again, all as-
pects of the response were captured by the simulation. For such a
low value of D/t, the tube would survive even if the Lüders strain
was longer.
The tubes developed wrinkles for all seven simulations. In the
experiments we reported a signiﬁcant variation in the measured
wavelengths with the most commonly occurring values being close
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stant for each tube but varied somewhat from case to case. Inter-
estingly, for all but the thickest tube, the calculated half
wavelengths were close to ke (varied between 1.0ke and 1.2ke). In
other words, we did not detect any strong inﬂuence on the wave-
length from DeL. For D/t = 14.7 the value was 0.8ke. On the other
hand, for a given D/t longer Lüders strain results in higher localiza-
tion curvature, which in turn, increases the amplitude of the in-
duced wrinkles (compare C wrinkles in Figs. 12 and 17). Finally,
the regularization was instrumental in producing the steady-state
propagation of curvature, which is also responsible for the period-
icity described here.4. Parametric study
Having demonstrated that the modeling framework developed
is capable of reproducing the whole set of experiments performed,
we will now use it to perform a limited parametric study of the
problem. The objective here is to establish the sensitivity of the
boundary between ‘‘stable’’ bending and ‘‘unstable’’ bending to
the key model parameters. In the present context stable implies
that the structure survives localized bending induced by Lüders
banding and unstable implies that it collapses because of Lüders
banding. The main parameters of interest are the tube D/t, the ex-
tent of the Lüders strain (DeL), the strength of the instability repre-
sented by Dr/rL, and the amplitude of the geometric imperfection
(ai). An additional parameter found to affect the results, the yield or
Lüders stress of the material (rL) was also varied. Other parameters
like the rate exponent and imperfection parameter b were kept atthe values found to produce good agreement between the experi-
ments and the simulations (i.e., m = 0.001, b = 100). The imperfec-
tion wavelength was chosen according to Eq. (1)I. The hardening
part of the material response was kept the same as that of the mea-
sured stress–strain responses (e.g., see Fig. 13I). For numerical
expediency the nearly isotropic mesh adopted involved one ele-
ment through the thickness, which is considered adequate.
Fig. 21 shows a set of results from this parametric study for a
material with a yield stress of 55.4 ksi (382 MPa). Tubes with
D/ts between 18 and 28 were analyzed. For a chosen D/t, a trial va-
lue of DeL is selected and a bending calculation is performed using
the other problem parameters included in the ﬁgure. If the tube is
successfully bent past the inhomogeneous deformation regime,
DeL is increased by 0.25% and the calculation is repeated. The incre-
menting of DeL is repeated until a value is reached for which the
tube collapses due to Lüders banding. In case the tube buckles
for the ﬁrst trial value of DeL, its value is decreased by 0.25% and
the calculation is repeated. This continues until a value is found
for which the tube survives the Lüders banding. The average of
the Lüders strains of the last two cases is taken as the bounding
Lüders strain for this D/t (DeLB).
Similar sets of calculations were performed for other D/t values
and the calculated DeLB are plotted against D/t in Fig. 21 with solid
bullets. Because of the ﬁnite size of the increment of DeL used, the
ﬁnal answers have error bounds as marked in the ﬁgure. Thus, for
DeL values above the drawn boundary the structures will collapse
during Lüders banding and for values below the boundary they will
survive Lüders banding and enter the stable, hardening deforma-
tion regime. As expected, the critical Lüders strain is strongly
dependent on D/t. Tubes with relatively high D/t values do not sur-
vive Lüders banding even for small values of DeL while for the low-
est D/t analyzed the bounding value exceeds 3%.
The bounding value of DeL is inﬂuenced by the Lüders stress in
the manner shown in Fig. 22a. Here DeLB  D/t bounds are gener-
ated for three material yield stresses: rL = 36.9, 55.4 and 73.8 ksi
(254, 382 and 509 MPa) with the rest of the model parameters kept
constant. Interestingly, the higher the material yield stress the
lower the bounding Lüders strain. This is partly related to the fact
that higher yield stress induces higher ovality making the structure
less stiff and more susceptible to collapse.
The imperfection used inﬂuences DeLB to some degree also.
Fig. 22(b) showsDeLB  D/t plots for three imperfection amplitudes
(ai) for a material with rL=36.9 ksi (254 MPa). Reducing ai tends to
increase the bounding values of Lüders strain a relatively modest
amount. Interestingly the effect of ai becomes even smaller for
higher values of rL.
In summary, the bounding value of Lüders strain that separates
stable and unstable bending as deﬁned above is a strong function
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while increasing the imperfection amplitude used in such calcula-
tions reduces it but less drastically than the other two parameters.5. Summary and conclusions
Part II of the two sister papers presented a modeling frame-
work for systematically treating the phenomena-rich inhomoge-
neous bending of tubes associated with Lüders banding reported
in Part I. The structure was discretized with incompatible solid
elements using a nearly isotropic mesh that is ﬁne enough to
allow Lüders bands to develop and evolve. Symmetries in the
experimental setup were exploited to reduce the size of the
domain analyzed to one fourth of the actual one. A local initial
axisymmetric imperfection was introduced about the plane of
symmetry of the model. The tube is bent by prescribing the
rotation of the ends. Furthermore, without loss of the generality
of the results, the free end is required to remain plane but is free
to deform in the plane (ovalize). The material was modeled as a
ﬁnitely deforming, J2 type, elastic–plastic solid undergoing iso-
tropic hardening/softening, while over the extent of the Lüders
deformation an up–down–up stress–strain response was
assumed. The introduction of this material instability over part
of the deformation regime can lead to numerical instabilities
and some mesh dependence. The introduction of a mild
powerlaw rate dependence was found to make the solution more
consistent, reducing numerical instabilities and mesh
dependence.
This modeling framework was used to simulate successfully
the bending experiments for the whole range of D/ts and Lüdersstrains considered in Part I. This includes the reproduction of the
inhomogeneous bending phase and the associated moment pla-
teau including its extent and, when it occurs, the second homoge-
neous bending phase associated with hardening material behavior.
The following observations can be made from the solutions
presented:
(a) The initial elastic regime terminates into a local moment
maximum associated with the nucleation of Lüders defor-
mation at the site of the initial imperfections. Initially this
is in the form of narrow deformation bands inclined at about
55 to the axis of the tube that appear on the tension and
compression sides. The width of the bands was found to be
insensitive to the mesh (at least for the meshes considered).
(b) As the tube end rotation increases the bands broaden, they
locally multiply in number and new ones start to nucleate
next to them. The bands form pockets with a characteristic
periodicity. As bands evolve, the local curvature increases
to a value that corresponds to that of the eventual end of
the moment plateau. Simultaneously, the part of the tube
unaffected by Lüders bands remains essentially elastic at a
curvature that corresponds to the yield moment. Further
rotation of the ends spreads Lüders banding and the high
curvature/ovalization zone to the hitherto elastic part of
the tube.
(c) The zone of higher curvature experiences also higher oval-
ization while the compressed side wrinkles. The higher oval-
ization provides another way of tracking the evolution of
inhomogeneous deformation in the tube. The induced wrin-
kles have a characteristic wavelength that is close to that of
calculated elastic wrinkles. The periodicity of the wrinkles is
the same as that of the Lüders bands pockets. On the com-
pressed side the centers of the pockets coincide with the
peaks of the wrinkles. Wrinkles developed for all tubes
analyzed.
(d) As in the experiments, for lower tube D/ts and/or shorter
Lüders bands the higher curvature/ovality zone propagates
in a steady-state manner to the end of the tube. The material
enters the hardening regime, the moment plateau termi-
nates and the tube deforms uniformly again. This second sta-
ble bending regime is terminated when the ovality induced
natural limit load instability is reached at which point the
tube collapses by diffuse ovalization.
(e) For tubes with higher D/ts and/or longer Lüders bands the
structure collapses before all of it is Lüders deformed leaving
behind a section that is essentially undeformed. Longer
Lüders bands induce a higher curvature in the localizing
zone. The associated ovalization does not stop growing in
the center of the tube and never reaches steady state propa-
gation. Instead, it continually grows in the zone where the
Lüders deformation ﬁrst initiated leading to local collapse.
For the highest D/t tubes considered (D/t > 28) the collapse
is inﬂuenced more by local imperfections and it tends to
be more localized.
The sensitivity of such solutions to the problem parameters was
studied and ranges for values that lead to optimal performance
have been established. In particular it was shown that the slope
of the descending branch of the assumed stress–strain response
must be within a certain range and so does the associated stress
variable Dr. Furthermore, cases that survive the inhomogeneous
deformation stage exhibit low sensitivity to the mesh density,
slope of the unstable part of the stress–strain material response,
rate dependence exponent or initial imperfection amplitude. By
contrast cases that collapse due to inhomogeneous bending are
more sensitive to these parameters.
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Fig. A1. Comparison of measured and calculated moment-end-rotation response for tubes of various D/ts and Lüders strains: (a) LU11-1, (b) LU12-1, (c) LU5-3, (d) LU4-3 and
(e) LU7-3.
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ied parametrically using preferred ﬁxed values ofDr/rL, of the rate
exponent m and the same mesh. The bounding value of Lüders
strain was shown to be a strong function of D/t. Increasing the
material yield stress tends to reduce its value while increasing
the imperfection amplitude reduces it but less drastically than
the other two parameters.Acknowledgements
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Figures A1a to A1e show moment-end rotation responses for
ﬁve additional cases. Included are measured and calculated results
using the parameters in Table 1.References
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